PROBLEM SET 6. DUE WEDNESDAY, 13 SEPTEMBER 



Reading. Quick Calculus, pp. 151-157; 171-190. 
Supplementary reading. Simmons, Chapter 6. 

(1) Compute the following integrals by substitution. 

(a) S{^ + lf^.dx 



Substituting u — — l-\-x ^, du— —x 



2. 



-)^— dx = — [ u"' du 
X x^ J 



Substituting u — cos(a:), du — — sin(2;) dx: 



I 



/ \ 7 f sm(a;) , 
tan(x) dx — -— dx 

J cos(a;) 



du 
u 

-\nu + C 

— In cos (x) + C 



(c) J cos(a;) cos(sin(a;)) dx 

Substituting u — sin(x), du — cos(j;) dx: 

J cos(-u) du 

sin(M) + C 
sin (sin (x)) + C 

(2) Compute the following two trigonometric integrals. 

(a) Remember that sin^(a;) = | — |cos(2x). Use this to compute 

J sin^(a;) dx. 



/cosWcos(sin(x))<ix = 



1 



2 
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= |-|Sin(2x) + C 

(b) Now use the fact that cos^(x) — 1 — sin^(x) to compute 

j cos^{x) dx. 

j cos^{x) dx — J ^ ~ sm^(x) dx 

= /d.-/si„^(x)dx 

X 1 

= X sin(2a;) + C 

2 4 

= |-^sin(2a;) + C 

(3) Use right-hand Riemann sums (in this case, the same as upper Riemann 
sums) to show that the £trea under the graph of y — x^ from x — 0 to x — b 

We divide the interval [0, b] into n intervals, with endpoints 0, ^, ^, . . . , ^ = b. 
For i between 1 and n, the i'th rectangle has width ^, and height (^)^. Therefore, 
the total area under the n rectangles is: 

" b ,ib,^ 



An = E--(-) 

' 71. n 

b 



n n 

i=l 



i=l 

r 4 4 S 2 

0 , n n n , 

3 2 

Taking the hmit as n tends to infinity, the \ and ^ terms vanish, as they are 
dominated by the in the denominator, and wc arc left with ^. 
(4) Each of the following functions has one arch above the x-cLxis. Find the 
area of the region under that arch, 
(a) f{x) ^9-x' 

The limits of integration are 3 and —3 (see figure). Therefore, the area is: 
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3 



3 ^3 

(9 - x^) dx = 9x- — ]^ 3 



= (27- 9) - (-27 + 9) 
= 72 



(b) f{x) = x^ — 9x 

The limits of integration are —3 and 0 (see figure). Therefore, the area is: 



/■° 

J {x^ - 9x) dx 



4 2"^ 

,81 81, 

= °-(t-y' 

81 

T 

(c) f{x) = Ax — x^ 

The hmits of integration are 0 and 2 (see figure). Therefore, the area is: 



/■^ x^ 
J (4x - x^) dx = 2x^ - —]l 



= (8-4)-0 
= 4 



f{x) = 9 — f{x) = x^ — 9x f{x) = 4x — x^ 

(5) Evaluate the following definite integrals using the Fundamental Theorem 
of Calculus. (This is their algebraic area.) 

(a) J^"" sin(a;) dx 



I 



2n 

sin(a;) dx — — cos(x)]q'^ 



= -l-(-l) 
= 0 



4 
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(b) J^g + 2x^ - - 6x dx 



2 ^y>5 /y»4 

4 , o^3 r 2 _ , ^^3 Q 2i2 



3 



(x* + 2a;'^ - 5a; - 6a;) = ^ + ^ - tt^;'^ - 3a; 

5 2 3 



-3 



,32 40 , , 243 81 

(- + 4--- 12)-(-— + - + 45 -27) 

32 40 243 81 

-26 + 

5 3 5 4 

-17.3833 



(c) cos(a;) dx 



2 Stt 

2 



/ cos(a;) da; = sin(a;)]o 
Jo 

= -1-0 

= -1 



(6) Compute the geometric area of the following functions on the correspond- 
ing intervals. These are the same functions and intervals as in the previous 
problem. Note the difference between geometric and algebraic area! 

In all cases, we take the area above the x-axis, and subtract the area below it. 
(a) f{x) = sin(a;) on [0, 27r] 



/»7r /»27r 

A— sin(a;) da; — / sin (a;) da; = — cos(a;)]Q — (— cos(a;))]7r^'^ 

Jo Jn 

= (0-(-l))-(-l-0) 
= 2 



(b) f(x) = a;^ + 2x^ - 5x^ - 6a; = a;(a; - 2)(a; + l)(a; + 3) on [-3, 2] 



-1 pO /•2 

A — — I f(x) dx — f{x) dx + f{x) dx 



In this case, we can save work by taking the negative of the algebraic area 
(computed in the previous problem), and readding twice the piece between -1 
and 0, whose area is: 
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5 



{x^ + 2x^ - - 6x) dx 



x^ 


4 

X 






y + 


Y 


o-(- 


1 




"5 


.6333 





x' - 3x^t, 

5 



+ - - 3) 
2 3 ^ 



Therefore, the total area is approximately 18.65. 
(c) fix) = cos(x) on [0, f ] 



r 2 r 2 pi 3j 

A— cos{x) dx — / cos{x) dx — sin(a;)]o^ —sm{x)]J 
Jo if ^ 

= (l-O)-(-l-l) 



3 



f{x) = sin(a;) f{x) = a;^ + 2x^ — bx"^ — 6x cos(a;) 



